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Abstract. The Kirchhoff index of a connected graph is the sum of resistance distances between
all unordered pairs of vertices in the graph. Its considerable applications are found in a variety
of fields. In this paper, we determine the maximum value of Kirchhoff index among the unicyclic
graphs with fixed number of vertices and maximum degree, and characterize the corresponding
extremal graph.
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1 Introduction
First we introduce some graph notations used in this paper. We only consider finite, undi-
rected and simple graphs. Other undefined terminologies and notations may refer to [1]. Let
G be a connected graph with vertex set V (G), whose vertices are labeled as v1, v2, . . . , vn. The
famous Wiener index is considered as one of the most applicable graph invariant, used as one
of the topological indices for predicting physicochemical properties of organic compounds. The
distance between vertices vi and vj, denoted by d(vi, vj), is the length of a shortest path between
them. The Wiener index W (G) [25] is the sum of distances between all pairs of vertices, that is,
W (G) =
∑
i<j
d(vi, vj).
In 1993, Klein and Randic [14] introduced a new distance function named resistance distance
basing on electrical network theory. They view graph G as an electrical network such that each
edge of G is assumed to be a unit resistor. The resistance distance between vertices vi and
vj , denoted by r(vi, vj) (if more than one graphs are considered, we use rG(vi, vj) to avoid
confusion), is defined to be the effective resistance between nodes vi and vj in G. Analogue to
Wiener index, the Kirchhoff index Kf(G) is defined as:
Kf(G) =
∑
i<j
r(vi, vj).
∗Corresponding author. E-mail addresses: djldong@126.com (D. Li), xfpan@ustc.edu (X.-F. Pan), liuji-
abaoad@163.com (J.-B. Liu), hqliu@hubu.edu.cn (H.-Q. Liu).
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Let Kfvi(G) denote the sum of all distances between vertex vi and the other vertices of G, that
is
Kfvi(G) =
∑
j 6=i
r(vi, vj).
Kirchhoff index attracted extensive attention due to its wide applications in physics, chem-
istry, graph theory, etc. [2–5, 8–12, 16–18, 20, 22, 24, 26, 27, 29, 30]. And some related results
have been given in [6, 7, 13, 15, 19, 21].
A graph G is called a unicyclic graph if it contains exactly one cycle. We may use the
following notation [28] to represent a unicyclic graph:
G = U(Cl;T1, T2, . . . , Tl),
where Cl is the unique cycle in G with V (Cl) = v1, v2, . . . , vl such that vi is adjacent to vi+1
(subscript module l) for 1 ≤ i ≤ l. For each i, let Ti be the component of G − (V (Cl) − vi)
containing vi. Obviously Ti is a tree. We say Ti trivial if it is an isolated vertex. For example,
see Fig. 1.
Fig. 1. U(Cl;T1, T2, . . . , Tl).
For convenience, we employ the following notation. Let Tn,∆ [23] be the tree on n vertices
obtained from a path Pn−∆+1 and an empty graph K∆−1 by joining one end-vertex of Pn−∆+1
with every vertex of K∆−1. Let S
l
n [28] denote the graph obtained from cycle Cl by adding
n− l pendent edges to a vertex of Cl. Let P
l
n [28] denote the graph obtained by identifying one
end vertex of Pn−l+1 with any vertex of Cl. And P
l
n,∆ denote the set of the graphs obtained
from P lt (t ≤ n− 1) by attaching n− t pendent edges to one vertex such that its degree achieves
maximum degree ∆ among all vertices. It is obvious that Snn = P
n
n = Cn.
In order to better understand these graphs, we consider the set Gn,l,∆, ∆ ≥ 2, of connected
graphs with n vertices containing cycle Cl having the fixed value of the maximum degree ∆.
Otherwise, if we only bound the maximum degree by ∆, the graphs of maximum Kirchhoff index
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will inevitably be the paths. Still, even with the requirement that a graph contains a vertex of
degree ∆, the extremal graphs resemble a pathlike structure.
In this paper, we determine the maximum value of Kirchhoff index among the unicyclic
graphs with fixed number of vertices and maximum degree, and characterize the extremal graphs.
At the end of the article, we also give the conjecture on minimum Kirchhoff index among the
unicyclic graphs with fixed number of vertices and maximum degree, and the extremal graphs.
2 Main Result
Theorem 2.1. For every graph G ∈ Gn,l,∆, where l ≥ 3 and n ≥ l +∆− 2,
Kf(G) ≤
(n−∆+ 1)(n −∆+ 2)(n + 2∆− 9)
6
+ (∆ − 3)(∆ −
2
3
) + (n−∆)2 +
7(n −∆)
3
+ 2,
with equality holding if and only if G ∼= P 3n,∆ (see Fig. 2).
Fig. 2. P 3n,∆.
3 The Proofs
As we work with connected graphs only, the case ∆ = 1 becomes possible only when n = 2.
Similarly, for ∆ = 2 the only elements of Gn,∆ are the path Pn and the cycle Cn. Thus, we may
assume that ∆ ≥ 3 holds in the sequel. We start our proofs with a very simple lemma.
Lemma 3.1. [14] Let x be a cutvertex of a graph, and let a and b be vertices occurring in
different components which arise upon deletion of x. Then
r(a, b) = r(a, x) + r(x, b).
Lemma 3.2. [28] Let G = U(Cl;T1, T2, . . . , Tl). Then
Kf(G) =
l∑
i=1
W (Ti) +
∑
i<j
(|V (Tj)|Wvi(Ti) + |V (Ti)||V (Tj)|
(j − i)(l − j + i)
l
+ |V (Ti)|Wvj (Tj)).
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Lemma 3.3. Assume that the vertex of maximum degree belongs to V (Tl). Let G = U(Cl;T1, T2, . . . , Tl)
and G
′
= U(Cl;P1, P2, . . . , Pl−1, Tl). Then
Kf(G) < Kf(G
′
).
Proof. Since W (Tn) < W (Pn), by the Lemma 3.2,
Kf(G) =
l∑
i=1
W (Ti) +
∑
i<j≤l
(|V (Tj)|Wvi(Ti) + |V (Ti)||V (Tj)|
(j − i)(l − j + i)
l
+ |V (Ti)|Wvj (Tj))
<
l∑
i=1
W (Ti) +
∑
i<j<l
(|V (Pj)|Wvi(Pi) + |V (Pi)||V (Pj)|
(j − i)(l − j + i)
l
+ |V (Pi)|Wvj (Pj))
+|V (Tl)|Wvi(Pi) + |V (Pi)||V (Tl)|
(l − i)(0 + i)
l
+ |V (Pi)|Wvl(Tl)
= Kf(G
′
). 
Lemma 3.4. Let G ∈ Gn,l,∆, G /∈ P
l
n,∆ and assume that the vertex of maximum degree belongs
to V (Tl). Then Kf(G) < Kf(H) for every H ∈ P
l
n,∆.
Proof. Suppose that G0 = U(Cl;T1, T2, . . . , Tl) has maximal Kirchhoff index among Gn,l,∆.
Claim 1. For each i, Ti is a path with vi as one of its end vertices.
For each i, W (Ti) is maximal if and only if Ti is a path and it is easy to observe that Wvi(Ti)
is maximal if and only if Ti is a path with vi as one of its end-vertices. Hence Claim 1 holds by
Lemma 3.2.
Claim 2. If l < n, all but one of the Ti are trivial.
Suppose to the contrary that there exists at least two trees such that they all have more
than one vertices. Let Ti and Tj be two such trees. By Claim 1, Ti and Tj are both paths. Let
a 6= vi and b 6= vj be endvertices of Ti and Tj , respectively. Without losing generality, assume
that Kfa(G0) ≥ Kfb(G0). Let c be the neighbor of b and G
′
0 = G0− cb+ab. Now we show that
Kf(G
′
0) > Kf(G0).
For any two vertices x, y different from b, rG0(x, y) = rG′
0
(x, y), hence
Kf(G0)−Kfb(G0) = Kf(G
′
0)−Kfb(G
′
0).
On the other hand,
Kfb(G
′
0) = Kfa(G
′
0) + n− 2 = Kfa(G0) + 1− rG0(a, b) + n− 2.
Since rG0(a, b) < dG0(a, b) < n− 1, it follows that Kfb(G
′
0) > Kfa(G0) ≥ Kfb(G0). Hence
Kf(G
′
0) = Kf(G0)−Kfb(G0) +Kfb(G
′
0) > Kf(G0).
This contradicts the choice of G0, which implies Claim 2.
Claims 1 and 2 yield Lemma 3.4. 
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Lemma 3.5. [23] For every graph G ∈ Gn,∆, it holds that
W (G) ≤W (Tn,∆)
with equality if and only if G is isomorphic to Tn,∆.
By the Lemma 3.3 and the Lemma 3.5, the number of the maximum degree less value is
greater, i.e. when only one of the maximum degree value maximum. Therefore, to calculate the
maximum, only need to discuss only one of the maximum degree situation can be.
Lemma 3.6. Let l ≥ 3, then max
G∈Pl
n,∆
{
Kf(G)
}
achieves when the maximum degree vertex is the
connection point of the tree and the cycle.
Proof. By Lemma 3.5, Kf(G) (G ∈ P ln,∆) achieves maximum only if G is one of two special
graphs in P ln,∆ ( see Fig. 3). Let the kirchhoff index of (a) and (b) in Fig. 3 be Kf(a) and Kf(b),
respectively.
Fig. 3. two special graphs in P ln,∆.
By a routine calculation,
Kf(Cl) =
l3 − l
12
,
W (Tn,∆) =
(n−∆+2
3
)
+ (∆− 1)
(n −∆+ 1)(n −∆+ 2)
2
+ (∆ − 1)(∆ − 2)
and
Kfvi(Cl) =
1 · (l − 1)
l
+
2 · (l − 2)
l
+ · · ·+
(l − 1) · 1
l
=
l2 − 1
6
.
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Then
Kf(a) = Kf(Cl) +Kf(Tn−l+1,∆−2) + (∆− 2)Kfvl(Cl) + (∆ − 2)(l − 1) · 1
+(n− l −∆+ 2)Kfvl(Cl) + (l − 1)
n−l−∆+3∑
i=2
i
=
l3 − l
12
+
(n−l−∆+5
3
)
+ (∆− 3)
(n − l −∆+ 4)(n − l −∆+ 5)
2
+ (∆− 3)(∆ − 4)
+(∆− 2)
l2 − 1
6
+ (∆− 2)(l − 1) + (n − l −∆+ 2)
l2 − 1
6
+(l − 1)
(n − l −∆+ 2)(n − l −∆+ 5)
2
=
l3 − l
12
+
(n− l −∆+ 5)(n − l −∆+ 4)(n − l + 2∆ − 6)
6
+
(n − l)(l2 − 1)
6
+(∆− 2)(l − 1) + (∆ − 3)(∆ − 4) +
(l − 1)(n − l −∆+ 2)(n − l −∆+ 5)
2
and
Kf(b) = Kf(Cl) +Kf(Tn−l+1,∆) +Kfvl(Cl)(n − l −∆+ 1) + (l − 1)
n−l−∆+1∑
i=1
i
+(∆− 1)Kfvl(Cl) + (n− l −∆+ 2)(∆ − 1)(l − 1)
=
l3 − l
12
+
(n−∆−l+3
3
)
+ (∆− 1)
(n − l −∆+ 2)(n − l −∆+ 3)
2
+ (∆ − 1)(∆ − 2) +
(n− l)
l2 − 1
6
+ (l − 1)
(n − l −∆+ 1)(n− l −∆+ 2)
2
+ (n− l −∆+ 2)(∆ − 1)(l − 1)
=
l3 − l
12
+
(n− l −∆+ 2)(n − l −∆+ 3)(n − l + 2∆ − 2)
6
+
(n− 1)(l2 − 1)
6
+ (∆− 1)
(∆ − 2) + (n− l −∆+ 2)(∆ − 1)(l − 1) +
(l − 1)(n − l −∆+ 1)(n − l −∆+ 2)
2
.
Consequently,
Kf(a) −Kf(b) = Kf(Tn−l+1,∆−2) + (∆− 2)(l − 1) + (l − 1)
(n − l −∆+ 2)(n − l −∆+ 5)
2
−
[
Kf(Tn−l+1,∆) + (n− l −∆+ 2)(∆ − 1)(l − 1)
+(l − 1)
(n − l −∆+ 1)(n − l −∆+ 2)
2
]
= −5n+ 12∆ + 2n∆− 2∆2 − 18 − 2∆l + 5l − 4∆ + 10 + (l − 1)(−n∆+ l∆
+∆2 + 3n− 3l − 4∆ + 4)
= (∆− 3)l2 + (∆2 − 7∆ − n∆+ 3n+ 12)l − 8n + 12∆ + 3n∆− 3∆2 − 12
= (∆− 3)l2 + (∆− 3)(∆ − n− 4)l − 8n + 12∆ + 3n∆− 3∆2 − 12.
When ∆ = 3, we have Kf(a) −Kf(b) = n− 3 > 0.
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And when ∆ > 3, we have
Kf(a) −Kf(b) = (∆− 3)l
2 + (∆− 3)(∆ − n− 4)l + 3(∆ − 3)(n−∆+ 1) + (n− 3)
= l(∆− 3)(l +∆− n− 4) + 3(∆ − 3)(n −∆+ 1) + (n− 3)
> 3(∆− 3)(l +∆− n− 4) + 3(∆ − 3)(n −∆+ 1) + (n− 3)
= 3(∆− 3)(l − 3) + (n− 3)
> 0.
Hence Lemma 3.6 follows. 
Lemma 3.7. Let G ∈ P ln,∆, 3 ≤ l ≤ n, then Kf(G) ≤ Kf(P
3
n,∆) and with equality holding if
and only if G ∼= P 3n,∆.
Proof. While the maximum degree vertex is the connection point of the tree and the cycle,
Kf(P 3n,∆) = Kf(C3) +Kf(Tn−2,∆−2) +
∑
vi∈C3\{v3},vj∈Tn−2,∆−2\{v3}
rvivj
= 2 +
(n−∆+2
3
)
+ (∆ − 3)
(n−∆+ 1)(n −∆+ 2)
2
+ (∆− 3)(∆ − 4) +
10
3
(∆− 3)
+2
[2
3
(n−∆) +
(n−∆)(n−∆+ 1)
2
]
=
(n−∆+ 1)(n −∆+ 2)(n + 2∆− 9)
6
+ (∆− 3)(∆ −
2
3
) + (n−∆)2 +
7
3
(n−∆)
+2.
Hence we have
Kf(P 3n,∆)−Kf(a) =
l3
12
−
nl2
6
− (∆ +
1
12
− 2)l + n2 +
5
2
n− 2n∆+∆2 + 2∆ − 10−
l3
3
+
(
n
2
−∆+
7
2
)l2 + (n∆−
7
2
n−∆2 + 8∆ −
85
6
)l − n2 − n∆+ 5n + 2∆2
−14n+ 22
= −
l3
4
+ (
7
2
−∆)l2 + (−∆2 + 7∆−
49
4
)l + 3∆2 − 12∆ + 12 + (
l2
3
+ l∆−
7
2
l − 3∆ +
15
2
)n.
And
l2
3
+ l∆−
7
2
l − 3∆ +
15
2
> 0, n ≥ l +∆− 2.
So
Kf(P 3n,∆)−Kf(a) ≥ −
l3
4
+ (
7
2
−∆)l2 + (−∆2 + 7∆ −
49
4
)l + 3∆2 − 12∆ + 12
+(
l2
3
+ l∆−
7
2
l − 3∆ +
15
2
)(l +∆− 2)
=
l3
12
+ (
1
3
∆−
2
3
)l2 + (−
3
2
∆ +
9
4
)l +
3
2
∆− 3
≥ 0.
Now we arrive at our main result. 
4 Example
When n = 100, ∆ = 96, the maximum kirchhoff index is as follows, see Fig. 4.
Fig. 4. P 3100,96.
max
G∈G100,3,96
{
Kf(G)
}
= Kf(P 3100,96)
=
(100 − 96 + 1)(100 − 96 + 2)(100 + 2× 96− 9)
6
+ (96 − 3)(96 −
2
3
)
+(100− 96)2 +
7
3
(100− 96) + 2
= 1415 + 8866 + 16 + 9
1
3
+ 2
= 10308
1
3
.
5 Conjecture
Above the maximum Kirchhoff index among the unicyclic graphs with fixed number of ver-
tices and maximum degree is obtained. In the case of minimal values, we end the text to the
following conjecture:
(i) When n ≤ 10, or n = 11(∆ ≥ 5), the Kirchhoff index among the unicyclic graphs with
fixed number of vertices and maximum degree has a minimum value as shown below, see Fig. 5.
min
G∈Gn,l,∆
{
Kf(G)
}
=
(n−∆+ 2)3 − (n−∆+ 2)
12
+ (∆− 2)
[
n−∆+ 2 +
(n−∆+ 2)2 − 1
6
]
+2
∆−3∑
i=1
i
=
(n+∆− 2)(n −∆+ 3)(n −∆+ 1)
12
+ (∆− 2)(n − 1),
where l = n−∆+ 2.
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Fig. 5. G ∈ Gn,l,∆, with the minimum value of Kirchhoff index.
(ii) When n ≥ 12, or n = 11(∆ ≤ 4), the Kirchhoff index among the unicyclic graphs with
fixed number of vertices and maximum degree has a minimum value as shown below, see Fig. 6.
Fig. 6. G ∈ Gn,l,∆, with the minimum value of Kirchhoff index.
min
G∈Gn,l,∆
{
Kf(G)
}
= Kf(Cl) + x · 2
∆−3∑
i=1
i+ x(∆− 2)(
l2 − 1
6
+ l)
+(x− 1)(∆ − 2)2
[
2 +
(l − 1) · 1
l
]
+ (x− 2)(∆ − 2)2
[
2 +
(l − 2) · 2
l
]
+ · · ·
+1 · (∆ − 2)2
[
2 +
(l − x+ 1) · (x− 1)
l
]
=
l3 − l
12
+ x(∆− 2)(∆ − 3) + x(∆− 2)(
l2 − 1
6
+ l) + x(x− 1)(∆ − 2)2
+(∆− 2)2
x−1∑
i=1
i(l − i)(x− i)
l
,
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where l = n− x(∆− 2), and x ≤ l ≤ x+∆− 2, i.e. n−∆+2∆−1 ≤ x ≤
n
∆−1 , x is a positive integer.
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